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The detection of gravitational waves originating from a neutron-star merger, GW170817, by the LIGO
and Virgo Collaborations has recently provided new stringent limits on the tidal deformabilities of the stars
involved in the collision. Combining this measurement with the existence of two-solar-mass stars, we
generate a generic family of neutron-star-matter equations of state (EOSs) that interpolate between state-of-
the-art theoretical results at low and high baryon density. Comparing the results to ones obtained without
the tidal-deformability constraint, we witness a dramatic reduction in the family of allowed EOSs. Based on
our analysis, we conclude that the maximal radius of a 1.4-solar-mass neutron star is 13.6 km, and that the
smallest allowed tidal deformability of a similar-mass star is Λð1.4 M⊙Þ ¼ 120.

DOI: 10.1103/PhysRevLett.120.172703

Introduction.—The collective properties of the strongly
interacting dense matter found inside neutron stars (NSs)
are notoriously difficult to predict [1,2]. While the sign
problem prevents lattice Monte Carlo simulations at non-
zero chemical potentials [3], nuclear-theory tools such as
chiral effective theory (CET) are limited to subsaturation
densities [4] and perturbative QCD (PQCD) becomes
reliable only at much higher densities [5]. No controlled,
first-principles calculations are applicable at densities
encountered inside the stellar cores.
Despite these difficulties, it is possible to obtain robust

information on the properties of NS matter at core densities.
In particular, the requirement that the Equation of state
(EOS) must reach its known low- and high-density limits
while behaving in a thermodynamically consistent fashion
in between poses a strong constraint on its form. This was
demonstrated, e.g., in Refs. [6,7], where a family of EOSs
was constructed that interpolate between a CET EOS below
saturation density and a PQCD result at high densities. This
family quantifies the purely theoretical uncertainty on the
EOS at intermediate densities, but the quantity can be
further constrained using observational information about
the macroscopic properties of NSs.
The first significant constraint for the EOS comes from

the observation of two-solar-mass (2 M⊙) stars [8,9],
implying that the corresponding mass-radius curve must
support massive enough stars,Mmax > 2 M⊙. This requires

that the EOS be stiff enough, which in combination with the
fact that the high-density EOS is rather soft (with c2s ≲ 1=3;
cs is the speed of sound) limits the possible behavior of the
quantity at intermediate densities. In particular, it was
shown in Refs. [6,7] that—upon imposing the 2 M⊙
constraint—the current uncertainty in the EOS when
expressed in the form pðμBÞ, with p being the pressure
and μB the baryon chemical potential, is �40% at worst.
On 16 October 2017, the LIGO and Virgo Collaborations

reported the first event, GW170817, where a gravitational-
wave (GW) signal was observed from a merger of two
compact stars [10]. Remarkably, this first set of GW data
already offers a second constraint for the behavior of NS
matter. The inspiral phase of a NS-NSmerger creates strong
tidal gravitational fields that deform the multipolar structure
of the stars, which in turn leaves a detectable imprint on the
observed gravitational waveform of the merger. This effect
can be quantified in terms of the so-called tidal deform-

abilities Λi ¼ ð2=3ÞkðiÞ2 ½ðc2=GÞRi=Mi�5 of the stars, where
kðiÞ2 is the second Love number, Ri the radius, and Mi the
mass of the ith star [11,12]. Assuming a low-spin prior for
both stars involved in the merger (for details, see Ref. [10]),
LIGO and Virgo quote that Λð1.4 M⊙Þ < 800 with a
credence level of 90%. Since Λ is a quantity closely related
to the EOS of stellar matter, this measurement provides
another constraint for NS matter.
In this Letter, we revisit the problem of generating the

most generic family of NS-matter EOSs consistent with all
robust theoretical and observational constraints. It is seen
that the inclusion of the new upper bound onΛ significantly
constrains theEOSand quantities derived from it, such as the
mass-radius relation. As hard EOSs lead to stars with large
radii and large tidal deformabilities, an upper bound on Λ
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brackets the EOS from a direction opposite the 2 M⊙
observation. These effects are summarized in Fig. 1, which
shows that while the 2 M⊙ constraint impliesRð1.4 M⊙Þ >
9.9 km, the new limit from the Λ measurement reads
Rð1.4 M⊙Þ < 13.6 km.
It should be noted that similar—and in some cases more

stringent—limits on NS properties have been reported
elsewhere. These other studies, however, are either based
on a small set of individual EOSs (see, e.g., Refs. [13–15]),
interpret observational data in a way that contains modeling
uncertainties [16–20], or apply Bayesian inference to assess
the credence of different EOSs based on a theoretical prior
[16,18–20]. Some exceptions to this are the works of
Hebeler et al., which extrapolates a CET EOS to higher
densities [21], and Kurkela et al. [6] and Gorda [22], which
additionally include a PQCD constraint at high density. In
comparison to these studies, our current work implements a
more generic interpolation of the EOS and also implements
the recent LIGO-Virgo limit on Λ.
Setup.—As discussed, e.g., in Ref. [21], well-established

nuclear-physics methods are sufficient to reproduce the EOS
of cold, electrically neutral, strongly interactingmatter in beta
equilibrium—NS matter for short—up to approximately the
nuclear saturation density of ns ≈ 0.16 baryons per fm3.
Around this value, however, the underlying uncertainties in
most modern calculations start to rapidly increase, so that the
estimated theoretical error in, e.g., the state-of-the-art CET
EOSofRefs. [4,21] becomes�24% at a density ofn ¼ 1.1ns.
In our calculation, we choose as the EOS below this density,

either the “hard” or “soft”EOSofRef. [21],which correspond
to the most extreme EOSs allowed at low densities.
For the EOS of deconfined quark matter at high density,

we employ the NNLO PQCD result of Ref. [5], which
becomes increasingly accurate with larger density due to the
asymptotic freedom of QCD. Here, the uncertainty level of
�24% is reached at μB ¼ 2.6 GeV, corresponding to den-
sities of approximately 40ns. This result is parametrized by
the renormalization scale parameterX ∈ ½1; 4�, introduced in
Ref. [23], whose variation generates the uncertainty band.
Between the regions of validity of CET and PQCD, one

should allow the EOS to behave in any thermodynamically
consistent manner. Following and extending the approach
of Ref. [6] (cf. also Ref. [21]), we form our EOSs by
dividing the density interval from n ¼ 1.1ns to μB ¼
2.6 GeV into segments in μB and by assuming that within
each μi < μB < μiþ1 the EOS has a polytropic form
piðnÞ ¼ κinγi . These segments are connected to each other
by assuming that both the pressure and energy density
behave continuously at each matching point. For N seg-
ments, we have N − 1 independent matching chemical
potentials μi and N independent polytropic indices γi, two
of which are determined by matching to the low- and high-
density EOSs, leaving 2N − 3 free parameters for given
low- and high-density EOSs. To confirm that our results are
independent of the interpolation, we consider polytropes
which consist of either three (tritropes) or four (quadru-
tropes) polytropic segments, later verifying that the corre-
sponding results agree at a sufficient accuracy.
To obtain our ensemble of EOSs, we pick random

values for the remaining free parameters from uniform
distributions γi ∈ ½0; 15�, μi ∈ ½μBð1.1nsÞ; 2.6 GeV�, and
X ∈ ½1; 4�, and choose the same number of soft or hard
low-density EOSs. Note that by not enforcing any non-
trivial lower limit on the γi, we effectively allow for a first
order phase transition at any of the matching points. These
random values sometimes result in instances where either
no smooth solution is found or the resulting EOS is
superluminal, c2s > 1. We drop such solutions. We fur-
thermore improve the coverage of parameter values by
iteratively sampling parameters close to the values of
extremal EOSs that define the boundaries of our allowed
regions. This process leaves us finally with ensembles of
90 000 tri- and 170 000 quadrutropic EOSs.
Having constructed the family of EOSs, we next enforce

the 2 M⊙ andΛ constraints. This is done by simultaneously
solving the mass-radius relations and tidal deformabilities
for nonrotating stars, following a setup explained in some
detail in Ref. [24].
Results.—We proceed now to present and analyze the

obtained EOS families. The allowed ranges of EOS
parameters and the resulting macroscopic NS properties
are summarized in Table I below. Unless stated otherwise,
all of the figures shown are prepared with the full set of tri-
and quadrutropic EOSs.

FIG. 1. The mass-radius clouds corresponding to our EOSs.
The cyan area corresponds to EOSs that cannot support a 2 M⊙
star, while the rest denote EOSs that fulfill this requirement and in
addition have Λð1.4 M⊙Þ < 400 (green), 400 < Λð1.4 M⊙Þ <
800 (violet), or Λð1.4 M⊙Þ > 800 (red), so that the red region is
excluded by the LIGO-Virgo measurement at 90% credence. This
color coding is used in all of our figures. The dotted black lines
denote the result that would have been obtained with tritropic
interpolation only.

PHYSICAL REVIEW LETTERS 120, 172703 (2018)

172703-2



Constraints on astrophysical observables.—Since Λ
measures the deviation of the stellar gravitational field from
that of a pointlike mass, it is natural to expect that larger-
radius stars possess larger Λ. In Fig. 2, we indeed see a tight
correlation betweenR andΛ for our ensemble of EOSs, each
determined for stars with M ¼ 1.4 M⊙. To a rather good
accuracy, all tidal deformabilities are observed to follow the
empirical function ΛðRÞ ¼ 2.88 × 10−6ðR=kmÞ7.5, shown
as the orange dashed line in this figure.
Because of the correlation between R and Λ, the LIGO-

Virgo measurement leads to a strong constraint on the
possible radii of NSs: the 90% limit of Λð1.4 M⊙Þ < 800
[10] directly translates into an upper limit of Rð1.4 M⊙Þ <
13.6 km. Should this bound be tightened to Λð1.4 M⊙Þ <
400 in the future (as roughly suggested by the 50% contours

of Fig. 5 of Ref. [10]), the constraint would further tighten
to Rð1.4 M⊙Þ < 12.5 km. We note that this maximal-
radius constraint is unaffected by the proposed limit of
Mmax < 2.16 M⊙ [25–27], stemming from the resulting
kilonova observations associated with the GW170817 event
[10,28–35]. This is because, for a given radius, there are
many EOSs whose maximal mass is smaller than that of the
EOS with the highest maximal mass.
While the LIGO-Virgo limit on Λ favors soft EOSs, the

2 M⊙ constraint favors hard EOSs, thus setting a restrictive
bound for the quantity. For those EOSs that do support a
2 M⊙ star, the tidal deformabilities are found to take values
in the range Λð1.4 M⊙Þ ∈ ½120; 1504�, implying that val-
ues smaller than 120 can be firmly ruled out. A further
investigation shows that the minimal allowed values of Λ
depend strongly on the low-density EOS: those interpolated
EOSs that are built with a soft hadronic component
correspond to Λ ∈ ½120; 1353�, while those with a hard
low-density part correspond to Λ ∈ ½161; 1504�. Similarly,
the 2 M⊙ constraint is seen to lead to a stringent limit for
the radius of a 1.4 M⊙ star (see Fig. 1), Rð1.4 M⊙Þ >
9.9 km. We further note that this bound is unaffected by the
conclusions of Ref. [13], which constrain the minimum
radius of a NS given the existence of the kilonova
associated with GW170817.
Constraints on the EOS.—In addition to the macroscopic

observables discussed above, we also study the effects of the
astrophysical constraints on the EOS itself. This is done in
Fig. 3, where we display our family of EOSs in the energy
density vs pressure plane. Here, we see how the 2 M⊙

TABLE I. Allowed parameter values for our tritropic and
quadrutropic solutions, arising from the matching procedure.
The first column corresponds to all thermodynamically consistent
EOSs, the second to those fulfilling the 2 M⊙ constraint, and the
last two to those that additionally satisfy Λð1.4 M⊙Þ < 800 and
Λð1.4 M⊙Þ < 400, respectively. For the γ1 row only, we impose
the extra requirement that the first polytropic segment last until at
least n ¼ 1.5ns, so that γ1 may carry robust physical meaning.

3 tropes All EOSs 2 M⊙ Λ < 800 Λ < 400

γ1 0.2–8.5 0.7–8.5 0.7–6.6 0.7–4.7
Mmax½M⊙� < 0.5–3.0 2.0–3.0 2.0–2.7 2.0–2.3
Rð1.4 M⊙Þ½km� 7.1–14.6 10.7–14.6 10.7–13.6 10.7–12.4

4 tropes All EOSs 2 M⊙ Λ < 800 Λ < 400
γ1 0.05–8.5 0.6–8.5 0.6–6.7 0.6–4.7
Mmax½M⊙� < 0.5–3.2 2.0–3.2 2.0–3.0 2.0–2.5
Rð1.4 M⊙Þ½km� 6.6–14.6 9.9–14.6 9.9–13.6 9.9–12.5

FIG. 2. The Λ values for stars withM ¼ 1.4 M⊙ as functions of
the corresponding radius. The color coding follows Fig. 1, while
the orange dashed line Λ ¼ 2.88 × 10−6ðR=kmÞ7.5 has been
included just to guide the eye.

FIG. 3. Our ensemble of EOSs shown in the form of ϵ vs p. The
color coding follows that of the previous figures, with the
addition of a blue region indicating the nuclear EOSs and an
orange region indicating the PQCD EOS. The black dashed lines
indicate where the upper and lower edges become truncated with
a further restriction of Mmax < 2.16 M⊙ (see Refs. [25–27]).
Inset: The same function constructed with tritropic interpolating
functions only.
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constraint excludes EOSs that are soft at low densities,
while the Λ constraint excludes EOSs that are more stiff at
low densities. This is of course natural, considering that the
latter EOSs are the ones that produce stars with large radii
and thereby also large Λ. Also in this figure, we display
black dashed lines to indicate where the upper and lower
edges become truncated with a further restriction of
Mmax < 2.16 M⊙, a bound proposed in Refs. [25–27]
stemming from the resulting kilonova observations asso-
ciated with GW170817.
The EOS bounds can be quantified by inspecting the

effects of the astrophysical observations on the EOS param-
eters. The parameter that is physically themostmeaningful is
clearly γ1, whose allowedvalueswe show for the tritropic and
quadrutropic EOSs in Table I. Restricting ourselves here to
those EOSs where the first polytropic interval extends to a
density n ≥ 1.5ns, so that it is of non-negligible size, the
range of γ1 becomes 0.05 < γ1 < 8.5. Imposing the 2 M⊙
condition further leads to the lower limit increasing to
γ1 > 0.6, while the constraint Λð1.4 M⊙Þ < 800 reduces
the upper limit to γ1 < 6.7. It is interesting to note that this
combined limit of 0.6 < γ1 < 6.7 is in rough agreementwith
the (in principle ad hoc) requirement enforced upon the same
quantity in Ref. [21], 1 < γ1 < 4.5.We emphasize, however,
that our bound is based solely on quantifiable theoretical and
observational constraints.
Robustness of the results.—To gauge the robustness of

the results described above, there are two issues to consider.
The first concerns the sensitivity of our findings to the number
of interpolating polytropes, which can be estimated by
comparing results obtained with three and four polytropes,
respectively. This is indeed done in Fig. 3, where the inset of
the figure shows the EOS family that results from tritropic
interpolation. We observe that upon imposing the two-solar-
mass constraint, the two results are in good quantitative
agreement. The most significant difference can be witnessed
at low densities, where the fourth polytrope allows a small
number of EOSs that are initially softer or stiffer than what
would be feasible with tritropic interpolation. On the mass-
radius plane, these findings most importantly translate to the
appearance of stars with relatively small radii, Rð1.4 M⊙Þ≲
10 km. In addition, we observe that adding the fourth
polytrope allows for some light stars withM < 1.4 M⊙ that
have larger radii than what is allowed by the tritropic
interpolation. These configurations correspond to EOSs that
are initially stiff but undergo a rapid qualitative change and
become soft already at rather low densities n < 1.5ns. This
region is excluded if we assume that the first polytrope
continues to a density n ≥ 1.5ns, as done in Ref. [21].
Although we cannot make a firm statement without a

direct computation, we suspect that including a fifth
polytropic segment would not change our conclusions
appreciably. In Ref. [36], it was found that a polytropic
function consisting of five segments of even spacing
suffices to reproduce all realistic EOSs. In our case, the

lengths of the polytropic segments are varied, so that even
with the nuclear and PQCD constraints, our quadrutropic
interpolation function has the same number of free param-
eters as the ansatz used in this reference.
Another question to inspect is whether our choice of

enforcing the tidal-deformability constraint as a limit for a
1.4 M⊙ star leads to results different from those we would
have obtained using the other forms of data provided in
Ref. [10]. In particular, in Fig. 4 we reproduce the 90% and
50% probability contours for the tidal deformabilities of the
two stars measured by LIGO and Virgo, given in Fig. 5 of
Ref. [10]. Alongside these contours, we show regions
composed of our EOSs, which are generated by varying
the mass of one of the two stars within the uncertainty region
reported in [10] and solving for the other using the accu-
rately-known chirp mass of the merger, M ¼ 1.188 M⊙.
Inspecting the boundaries of the colored regions of this
figure, corresponding to different Λð1.4 M⊙Þ values in the
same fashion as in our earlier figures, we observe good
qualitative agreement with the 90% and 50% probability
contours of LIGO andVirgo.More quantitatively, if wewere
to use the 90% probability contour as an exclusion bound in
place of the conditionΛð1.4 M⊙Þ < 800, wewould arrive at
the constraint Rð1.4 M⊙Þ ∈ ½9.9; 13.8� km. This demon-
strates the robustness of our conclusions with respect to
the way the Λ limit is implemented.
Conclusions.—The simultaneous observation of gravi-

tational and electromagnetic signals from the merger of two
compact stars has recently begun a new era of multi-
messenger astronomy for NSs [10,14,28–35] and has
opened up a completely new window on the properties

FIG. 4. A comparison of our three sets of quadrutropic EOSs,
corresponding to different values of Λð1.4 M⊙Þ, with the 90%
and 50% probability contours given in Fig. 5 of Ref. [10]. The
color coding follows that of the previous figures.
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of the strongly interacting matter inside them (see also
Refs. [13,14,25–27,37–40]). In particular, the upper limit
placed on Λ by LIGO and Virgo constrains the stiffness of
the matter within these objects. This has far-reaching
implications for both the EOS of nuclear matter and the
macroscopic properties of NSs, which we have quantita-
tively studied in the present Letter.
The main conclusion of our work is that we are entering

an age where astrophysical measurements are beginning to
set extremely stringent bounds on the collective properties
of dense QCD matter. This can be easily witnessed, even
with the naked eye, from our Fig. 3: the tidal-deformability
measurement alone is enough to significantly decrease the
uncertainty in the NS-matter EOS. While our discussion
has mostly concentrated on astrophysical bounds as well as
the EOS at relatively low densities, in the future it will be
interesting to ask whether astrophysical constraints can
even lead to robust statements about the existence of quark
matter inside NS cores or whether quantitative bounds can
be set on the properties of high-density quark matter. These
are amongst the questions that will be studied by us in
future works, also including input from direct radius
measurements [13–20,41,42].
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