
ABSTRACT

The dynamical diffraction of X-rays by deformed crystals is governed by a group of partial differential equations known as the Takagi-Taupin equations. However, solving these 
equations for a large crystals with surface areas of tens of square centimeters pose a computational challenge as diffraction phenomena take place in much smaller length scale of 
several micrometers. 

In the following, a general approach to solve the lateral strain field and thus the diffraction curve of an arbitrarily shaped spherically bent isotropic crystal wafer is introduced and 
applied for circular and rectangular wafer. 
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RESULTS
For the circular isotropic wafer, the strain normal to the wafer surface due to non-zero Poisson's ratio is found 
to be

where r is the distance from the center of the wafer and L is the diameter of the wafer. The form is the same to 
what our earlier anisotropic model (Honkanen et al. 2014) simplifies to in the isotropic case except for the 
constant term L2/8. The additional term ensures that the elastic energy is minimized making the new derivation 
physically more accurate. However, its contribution to the diffraction curve seems to be minimal. Taking this 
into account the new derivation is consistent with the old model.
 

In the figures above are presented measured reflectivity curves from 3 circular Si(660) analysers and 2 Si(553) 
analysers together with the predictions from the previous anisotropic model and the new isotropic model. 
Poisson's ratios of 0.21 and 0.19 were used for Si(660) and Si(553) respectively. It is evident that the isotropic 
model can predict the qualitative features of the full crystal diffraction curve correctly and give a good estimate 
of its width (or resolution) but lacks the fine details of the anisotropic model.
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CONCLUSIONS AND DISCUSSION
The presented method is gives a straightforward approach to obtain the diffraction curves of large spherically 
bent crystal wafers in the isotropic case. Whereas the method can be used to estimate the resolution curves of 
bent crystal analysers, it lacks some of the intricate details which are present in the real crystals due to 
anisotropy. Nevertheless, the simpler anisotropic model is easier to work with and can give valuable insight into 
the properties of bent analyser crystals. 

In the future, the method will be generalised to the anisotropic crystals and the possibly to other kind of 
bending schemes, such as toroidal as well. 

THEORY
In our previous work (Honkanen et al. 2016) we have shown that if the strain field of a large crystal can be 
written as,

the diffraction curve of the whole crystal can be efficiently computed by solving the 1D-Takagi-Taupin 
equation for the depth-dependent part ϵ0(z) only and taking the transverse component ϵ'(x,y) into account by 
shifting the wavelength of the solution by

where ϵ and τ are now the normal and shear strain components with respect to the reciprocal space vector in 
the diffraction plane, respectively.  The procedure is depicted in the figure below.
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The approach applies well to spherically bent 
crystal analysers (SBCA) which are used in the 
various X-ray spectroscopy instruments such 
as synchrotron and free-electron laser based 
resonant and non-resonant X-ray inelastic 
scattering spectrometers and laboratory-scale 
X-ray absorption spectrometers. 

On the right is presented a strip-bent SBCA 
with 0.5 m bending radius (Rovezzi et al. 2017) 
which is utilized in our homemade Johann type 
X-ray absorption spectrometer (Honkanen et al. 
2019) to monochromatize and focus the 
polychromatic brehmstrahlung radiation from 

For the rectangular isotropic wafer, a somewhat more complex expression is found:

with

In the expression a and b are the dimensions of the rectangular wafer in x- and y-directions, respectively. The 
uzz is visualized below for bent crystal wafers of selected dimensions with the bending radius R = 1 m and 
Poisson's ratio of 0.27. Note that the strain decreases when the rectangle is made thinner. 
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In the isotropic case, the components of the transverse strain tensor uij are related to the transverse stress 
tensor components σij by the following form of the well-known Hook's law

where E is Young's modulus and ν is Poisson's ratio. The equilibrium relation for the stress tensor is 
automatically filled if we seek the solution for σij in the terms of the Airy stress function χ so that.

Introducing the vertical displacement ζ = ζ(x,y) to the wafer, it can be shown that the Airy stress function has 
to fulfill the following partial differential equation (Landau & Lifshitz, 1986)

which reduces to the form on the right for the spherical bending ζ(x,y) = (x2 + y2)/2R, where R is the bending 
radius. Generally χ can be written as a series

Since the dimensions of the crystal are typically small compared to the bending radius, we may truncate the 
series to the couple of first leading terms. The lowest-order approximation which fulfils the partial equation 
above requires that the terms up to the fourth order are retained. The strain field can be now solved by 
minimizing the elastic energy 

Bending can be included with the aid of a Lagrange multiplier λ by introducing a new functional L:

The problem therefore reduces to finding the stationary point of L with respect to λ and coeffients Ci,j which is 
equivalent of solving the following linear system of equations:


